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ation i s  presen-Ged fo r  delemining the gas w d  
surface temperature distributions for  lasninar Plow i n  a c i r cu l~ l r  tube. 
The analysis allows f o r  arbi t rary w a l l  heat generation and radiation 
effects  i n  the  gas and at the tube surface. Though optically th in  
radiation i s  considered f o r  purposes of obtaining numerical resul t s  
with water vapor as the  f luid,  the analytical development i s  applicable 
t o  more general radiation situations,  any gas for which the relevant 
properties a re  known, and t o  f lu ids  with heat sources due t o  effects  
other than radiation. 
Numerical resul t s  are presented f o r  a variety of parameters, 
selected t o  demonstrate important qual i ta t ive trends. By comparing the  
resul t s  with resul t s  obtained for  non-participating gases (surface radi- 
ation effects  considered) it i s  found that  fo r  a prescribed wall heat 
generation the  non-participating gas solution represents a poor estimate 
of the  wall temperature distribution as well as the  gas bulk twperakwe 
variation. It i s  also demonstrated tha t  introducing a so called "quasi- 
one dimensional" approximation for  the radiation t e rn  i n  the energy 
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Aw Cross sectional area of tube v~a3- l  
B Radios i t y  
C Specific heat a t  constant pressure 
P 
d Tube inside diarnet e r  
H I r radiat ion 
I Spectral intensi ty  
k Thermal conductivity of gas 
kw Thermal conductivity of wall 
2 Unit vector denoting pencil  of radiation ( f ig .  2) 
L Tube length 
3 
n Unit normal vector 
N Defined by eq. (54) 
P Defined by eq. (52) 
I 1  
q W a l l  heat generation per uni t  inside area 
-)R 9 Radiation heat f lux vector 
r Radial coordinate 
r 
0 
Tube inside radius, d/2 
R Genera three-dimensional region 
S Surface of R or  coordinate directed opposite t o  j! ( f ig .2)  
T Temperature 
u Axial velocity 
- 
u Mass averaged velocity 
x Axial coordinate 
6 
- 
Dirac del ta  function 
0 Solution to  Reduced Problem - d s o  p l a r  raslgle 
h @ ; l e  
Monochromatic (mass) absorption coeff ic ient  
Plmck mew absorption coefficient 
3 Frequency 
5 j ?  
Dummy variables ; also 7 = density 
d Stefan-Boltzmann constant 
Def inedbyeq .  (53) 
2;1 Monochromatic opt ical  thickness, eq. (21) 
'4 mi 
o Solid  angle 
Subscripts 
- 
c Pertains t o  tube ex i t  
i. Pertains t o  tube i n l e t  
w Pertains  t o  tube wall 
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Gene r d 
Continuing ef for t s  t o  develop high temperature engineering systems 
has necessitated a careful study of the  role  of thermal radiation as  a 
mechanism f o r  energy transport ,  In many of these systems, including 
high temperature heat exchangers and nuclear reactors, gases are passed 
through tubes, channels and annuli and the combined modes of conduction, 
convection and radiation energy t ransfer  must be considered, 
In  addition t o  the  usual complications present i n  conduction- 
convection problems (temperature dependence of properties, entrance region 
ef fec ts  and selection of an adequate turbulence model i f  the flow i s  not 
laminar) severe additional d i f f i cu l t i e s  a r i se  when thermal radiation i s  
of importance. Basically, t h i s  i s  due t o  the absence of a simple pheno- 
menological law, analogous t o  the Fourier conduction law, t o  express 
the divergence of the radiation heat f lux vector i n  terms of temperature 
i n  the  energy equation. In a rigorous formulation of the radiation 
ef fec t  the divergence of the radiation heat f lux  vector i s  expressed 
i n  terms of the spectral  in tens i ty  which i n - t u r n  must satisf'y the 
t ransfer  equation. The formal solution of the t ransfer  equation then re- 
l a t e s  the intensi ty  t o  the gas and surface temperature dis t r ibut ion 
provided a knowledge of the  spectral  absorption coefficient i s  available. 
As discussed in  greater  d e t a i l  below, implementation of t h i s  scheme 
f o r  relat ing the divergence of the  radiation heat f lux vector t o  the  
temperature f i e l d  depends strongly on a sui table  absorption coefficient 
model, geometq and bomndary conditions, 
* 
A considerable amount of recent research has been directed toward 
establishing suitable absoqt ion  coefficient models md some dvmces 
X. Numbers i n  brackets [ ] designate references i n  the Bibliography, 
have been made i n  t rea t ing  radiating gases i n  geometries other than 
the  i n f i n i t e  p a r a e l  p l a t e  c h m e l  (which i s  %he simplest geometsy. 
"c t r e a t ) ,  [2,3~4,5] However, except f u r  the investigation of P e r b u t t e r ,  
Siege1 and ~eshock [6'79 8'9 and Thorsen Po]  (which are  l imited t o  
rad ia t  ively non-part i c ipa t  ing gases) Landram, e t  a 1  [11] (which i s  limited 
t o  opt ical ly  th in  radiation and neglects the  poss ib i l i ty  of ax ia l  radiation) 
and Cess [I2] (which also neglects the  poss ib i l i ty  of ax ia l  radiation) the 
influence of non-isothermal boundaries has not been considered. Yet i n  
many engineering applications, including high temperature heat exchangers 
and gas cooled nuclear reactors, the  boundary temperature i s  unknown 
a-priori ,  though it i s  of c r i t i c a l  importance from a s t ruc tura l  design 
viewpoint. 
The importance of these applications and the  conspicuous lack of 
sat isfactory analytic or  experimental work dealing with in te rna l  flow 
of radiating gases subject t o  non-uniform boundary temperatures has 
motivated the present study. It i s  also worth mentioning tha t  not only 
a re  isothermal w a l l s  infrequently encountered i n  prac t ica l  high temperature 
applications, they a re  also d i f f i c u l t  t o  achieve i n  laboratory investigations 
which seek experimental ver if icat ion of radiating gas flow analyses. On 
the  other hand, controlled w a l l  heat generation boundary conditions can be 
achieved by e l ec t r i c  current o r  e l ec t r i c  arcs, for  example. The resu l t s  
of t h i s  work, therefore, not only have direct  engineering applicabili ty,  
but  can also serve as a base f o r  future experimental research. 
Review sf Previous Work 
- -- 
To evdua;te the specif ic  appl icabi l i ty  of the previous maEgrses 
dealing w i t h  eopillbisred conduction, @snvec"r;ion and radiation heat trmsfer 
and t h e i r  l i ~ t a % . i o n s ,  a review of' past investigations i s  presented. 
Viskmta [13'141 considered hydrodynsmickily fully-developed 
Itwinas flow md slw Plow between two p a r a e l ,  isothernab pabakes. 
Assuming a gray gas m d  e ~ m e n g  the non-l-inear rkzdiation terms i n  
a Taylor ser ies  the  governing non-linear integro-differential  equation 
was reduced t o  a non-linear ordinary d i f f e ren t i a l  equation. Digi tal  
computer solutions were then obtained f o r  t h e  temperature f i e l d  and w a l l  
heat flux as a Punction of opt ica l  thickness. Einstein ['I considered 
slug flow in  a circular ,  isothermal tube. Again, a gray gas was assumed. 
Hottel 's zonal method was used t o  evaluate the  radiation term i n  the 
energy equation. 
It i s  t o  be emphasized tha t  t he  analyses of both Viskanta and 
Einstein are  r e s t r i c t ed  t o  isothermal boundaries and gray gases. Because 
of t h e  severe dependence of the spectral  absorption coefficient on wave 
number, a gray gas appproximation i s  not r e a l i s t i c  and can lead t o  
severe errors  i n  temperature d is t r ib tu t ion  and heat flux calculations. 
Quantitiative support demonstrating the  inadequancy of the gray gas 
[31 approximation has been given by deSoto and Edwards[21and deSoto . 
These authors considered laminar flow of C02 i n  isothermal tubes. However, 
Edwards ' exponential band model Cl5,16 I was introduced t o  account f o r  
non-gray gas behavior. It was demonstrated tha t  errors arising from the 
gray gas approximation could be on the order of 5%-10& i n  the estimate 
of the w a l l  radiation heat flux. Since the radiation heat f lux was of 
the same order of magnitude as the convection heat flux for  the  parameters 
considered, t h i s  represents a sizeable error,  
In reference 'I deSoto and Edwards uncoupled the  radiation ef fec ts  
from the conduction and convection effects  by ase~mit-ag t h e  gas .teanpera%ure 
f i e l d  a pr ior i .  The radiation heat flm vector . GR , was obtained by nmericcrlly 
integrating the  forma% solLuLion -to .%he An importmt 
esnlribution of t h i s  iwesl igakion was i t s  justification for neglecting 
aia r a ~ a t i o n  mder isothemal. boamda.a'gr condit ions,  This was done by 
computing the rcadiation heat flux a t  the w d l  on the basis  of two different  
a-pr ior i  temperature f i e lds .  F i r s t ,  ,'the c lass ica l  Graetz dis t r ibut ion Cl7 I 
was used t o  describe the  a x i d  and rad ia l  gas temperature variation. Then 
it was assumed t h a t  the  rad ia l  Graetz prof i le  existing a t  the -- axial  location 
4R 
was t o  be calculated, prevailed throughout the en t i re  tube. a t  which q 
Since there was no ax ia l  temperature var iat ion i n  the gas or  on the tube 
w a l l  f o r  the second case, net ax ia l  radiation was precluded. Numerical 
r e su l t s  fo r  the  radiation contribution t o  the w a l l  heat f lux  were i n  excel- 
l e n t  agreement for  the two cases, thereby j u s t i e i n g  the neglect of axial  
radiation for  the  problem considered i n  reference [ 2 ] .  The va l id i ty  of 
t h i s  approximation was further confirmed by deSoto [31 f o r  the coupled 
conduction, convection and radiation problem. I n  addition de Soto's re- 
sults demonstrate tha t  neglect of coupling ef fec ts  between the  three modes 
of energy t ransfer  can lead t o  errors i n  the temperaturegmfiles and w a l l  
heat fluxes on the  order of twenty-five t o  f i f t y  percent. 
Purther work involving i s o t h e m d  w a l l s  was successfully undertaken 
by Nichols [41 who considered turbulent, par t ic ipat ing gas flow in  a con- 
cent r ic  tube annulus. The resu l t s  are, however, l imited t o  s i tuat ions 
where radiation ef fec ts  are  W e r e n t l y  s m a l l  coqared  t o  turbulent con- 
vection. 
Analyses unded&en for  prescribed heat generation i n  channel 
and tube w a s  were reported i n  the previously- rn=tioned papers by 
Perlmutter, Siegel and Xeshock, L6'738'91 Thorsen '10'311 and ~ i u  and
morsen 13'1 .XU of these anaJLyses are restricted t o  nan-par t ic ipa t iq  
gases asld an ' knowleQe sf %'he esnvectisn heat t r m s f e r  coefficient 
i s  aecessam Lo appb- *he neL%~ads of references [6,'7,8,9] , In  references 
[l0,31,32 ] it i s  shorn tha t  such an a prior% assmption of the convection 
coefficient is  unsound 'because of the  cowling, through the non-linear 
boundary conditions, of the  gas conduction and convection processes with 
the  w a l l  radiation. For suitable parameters, it i s  shown i n  reference [lo ] 
tha t  the convection coefficient can actu&Lly become loca l ly  negative as 
the  tube ex i t  is approached. Since t h i s  could never be the case fo r  a 
prescribed uniform w a l l  temperature boundary condition it would seem tha t  
caution should be exercised i n  exl;rapolating uniform temperature boundary 
condition resul t s  t o  s i tuat ions where the boundaries w i l l  be a t  non-uniform 
temperatures . 
Recently L E L X I ~ ~ ~ ,  Greif and Habib ['I analyzed hydrodynamically 
established turbulent flow i n  a circular  tube subjected t o  uniform wall 
heat flux, O n l y  the opticaLly th in  l i m i t  was considered and axia l  radia- 
t i o n  was neglected. Furthermore, the thermal entrance problem was neg- 
lected. Finally, Cess and T i w w i  ['*I have considered laminar thermally 
developed flow in an i n f i n i t e  p a r d l e l  p la te  channel. Axial radiation 
was neglected and a one-dimensiond approxuation el81 was used for  the 
radiation term i n  the  energy equation. Tien's and Lowder's el91 correla- 
t i o n  for  the t o t a l  b a d  abso~taulce  was used wd %he effec t  of pressure 
and path length were studied, Since the  primasgr p u q s e  of t h e i r  investi-  
gation was t o  establish a sa t ia fsc tom method of  Eaetlndbing non-gragr gases 
fo r  a complete r w e  of r a d i a n  path lengths the i r  sirnlplid'gring assuwp- 
t ions  m e  just i f ied.  It is,  however, noted that neither the work of 
Laasem, e " e  [ul or  Cess a d  Tiwari '12' g i v e  resd ts  consistent with 
those of morsen [Io1 if the absolption coefficient i s  aj lowed t o  approach 
zero, '%lsis i s  becwse, fo r  mifom WU he& generation the 1oca2 WaPl 
6 ,  
heat - flu t e a  -%he gas (due do csn&uction and radiation) w5l-l. no t  be mifom 
since the nm-issthe Lube (or e h m e l )  w U  elements e m  radiate t o  
each other m d  the tube (or  c h m e l )  ends. b p o d m c e  of t h i s  effect  
would appear t o  depend on the opt ical  thickness of the gas. 
Present Work 
In  the  present investigation a general approach i s  presented fo r  
t reat ing combined mode heat transfer.  Specific application i s  made t o  a 
circular  tube of f i n i t e  length with uniform w a l l  heat generation. However, 
the basic features of the solution technique are applicable t o  other geo- 
metries and a rb i t r a r i ly  prescribed w a l l  heat generations o r  temperature 
distributions. Sjnrplifying assumptions, made t o  reduce the complexity 
of the  calculations required, do not preclude the applicabili ty of the 
basic techniques t o  l e s s  res t r ic t ive  situations. Furthermore, a basis  
for most of the simplifying assumptions can be found i n  the resul ts  of 
t h i s  and other authors. Thus, fo r  exanple, resul t s  are obtained only for 
hydrodynamically developed flows in  tubes having black surfaces, Both of 
these restr ict ions shaJS be qualitatively justified. 
The question of the ce of axial  radiation i s  studied, the 
importance of gas participation i s  demonstrated md both w a l l  and gas 
temperature distributions fo r  a vasiety of flow and thermal conditions 
are established when the gas i s  taken t o  be o p t i c u y  thin water vapor. 
The problem t o  be considered i s  depicted i n  Fig. 1. Gas i s  assumed 
t o  enter  the  passage with a f u l l y  developed veloci ty  prof i le  and a uniform 
temperature . Neglecting compressibility e f f ec t s  and viscous d i ss ipa t ion  Ti 
and fur ther  assuming steady flow, it i s  necessary t o  consider only the  energy 
equation f o r  t he  gas i n  the  form [18] 
For turbulent flow, a i n  equation (I) must be replaced by (a  + E ) . H 
The divergence of the  radiat ion heat f lux vector appearing i n  equation (1)  
cannot be re la ted  t o  the  l oca l  gas temperature by a simple phenomenological 
law as  i n  the case of thermal conduction. However, as discussed i n  d e t a i l  
below, the  radiat ion term i n  equation ( 1 )  can be re la ted  t o  in tegra l s  of 
t he  spec t ra l  in tensi ty ,  which i n  tu rn  must s a t i s f y  the Radiative Transfer 
equation. The solution t o  t h i s  equation depends, i n  a non-linear manner, 
on the  temperature f i e l d  through the  Planck function, the  surface temperatures 
and the gas absorption coefficient.  For the  present discussion, however, it 
i s  suf f ic ien t  t o  recognize tha t  the  divergence of the radiat ion heat f lux 
vector depends i n  a complicated, non-linear manner on the en t i r e  temperature 
f i e l d .  Then i n  ant ic ipat ion of an i t e r a t i v e  scheme f o r  solving equation (1)  
the  radiat ion term s h a l l  be t rea ted  as  a known function of the space coordinates. 
Thus, i f  T represenks the nth i t e r a t ed  temperature a t  a point and T-(x , r )  
represents the  (n-1)st  i t e r a t ed  temperature f i e ld ,  equation (1) can be 
wit-ten as 
where, fo r  eomnpactness, 
has been introduced, It i s  t o  be emphasized that g i s  considered t o  be a 
known function of posit iai l  i n  equation ( 2 )  through the (n -1)s t  i t e r a t e d  
temperature f i e l d .  
A s  a f i n a l  r e s t r i c t i o n ,  ax i a l  conduction i n  t he  gas w i l l  b e  neglected. 
Then, if x i s  in te rpre ted  as  a t ime-like variable,  equation ( 2 )  i s  analogous 
t o  t he  t r ans i en t  heat  conduction equation with spa t i a l l y  dependent proper t ies  
(densi ty  and thermal conductivity) and heat  source, However, before pursuing 
t h i s  analogy it w i l l  be necessary t o  specify i n i t i a l  and boundary conditions. 
The i n i t i a l  ( i n l e t )  condition, as already mentioned, i s  
whereas the  boundary condition a t  t he  tube surface w i l l  be taken a s  
I n  equation ( 5 )  T ~ ( X )  can be a rb i t ra ry .  For the  problem a t  hand, the  wall  
heat  generation and no% the  wall  temperatme (o r  heat f l u x )  i s  prescribed. 
T (x) w i l l  ac tua l ly  be determined from the  boundary condition derived below. W 
However, f o r  t he  present, only t he  gas temperature f i e l d  i n  terms of an 
a r b i t r a r y  surface temperatube i s  desired.  Continuipng, symmetry a t  t he  tube 
cen te r l ine  d i c t a t e s  t h a t  
Returning t o  the c+r~alclgy Le"Lweert. equation (2) and t he  csnducLion 
eq-caakisra it i s  recognized Lhat i f  u. and C1! wei-e; coarstant the  solut ion 
techniques for  detennirling ~ ( x , . r )  c v d d  be found i n  several  sowees, e.g,, 
[23,241. Though t h i s  is a~ot  the case \&en u and a depend on s, it will 
now be shown that the Green" sfunction approach presented i n  these references 
can be modified and extended t o  the problem a t  hand, 
A Green" function, ~ ( x , r  .F ,639 i s  defined t o  s a t i s Q  
a G +  v e a r  (p)  o G = 5 s x >  ( 7 4  
~ ( 6 ) )  ti 
Paral le l ing the  procedure f o r  constant coeff ic ients ,  the  expression 
i s  considered. In  order t o  continue the  Green's function forpulation, an 
extended form of Green's i den t i t y  must be derived. This i s  done i n  a manner 
s imilar  t o  t he  derivation of Green's i den t i t y  f o r  the  case of a = 1, pre- 
sented i n  r211). The generalized r e s u l t  i s  
where v and w are  a rb i t ra ry  sca la r  functions and n i s  t he  outward 
directed normal on S . Applying equation (9)  t o  (8) then r e s u l t s  i n  
Introducing equations (21, (41, (51, (6) and (4a-7d) resul t s  in the  soPutisn 
for  the tmpereture f i e l d ,  v i z - ,  
Detai ls  of a l l  t h e  manipulations leading t o  equation (11) along with the 
derivation of equation (9) are  presented i n  Appendix A of Ref. [ 333 
It i s  noted t h a t  neither the  r e s t r i c t i on  of tangential  symmetry nor 
uniform i n l e t  temperature i s  required t o  derive equation (11). Furthermore, 
it i s  applicable t o  channels and annuli as wel l  as tubes provided a x i a l  
conduction is  neglected. Harever, f o r  the problem under consideration, i.e., 
a c i rcu la r  tube, equation (11) can be wri t ten as  
Since the  eddy d i f fus iv i ty  a t  the  wal l  w i l l  be zero even f o r  turbulent flow, 
a ( r o )  appearing i n  (13) w i l l  be equal t o  t he  molecular thermal dif fusivi ty .  
The formalism leading t o  equation (12) would be of l i t t l e  value 
unless the  Green's function could be determined. Using generalized transform 
theory it can be s h m ,  as i s  done i n r 2 g  f o r  constant coefficients,  t h a t  
the  form of G i s  
Hmever, t he  e igenvahe problem for  pat_ " n o k  require" second order 
ordinary d i f f e r e n t i a l  e ~ a t i o n  wi th  vilrriable coeff ic ients  Lo be ss%ved, 
m e s e  variP%ble coefficients a i c h  arise frm u(r) and a ( r )  make t h i s  
a formideible p roh lm and asgrmgtotic methods a r e  genera l ly  required f o r  
solution.  Fortunately, an a l t e rna t e  approach, which exploi ts  solutions 
t o  r e l a t ed  problems i n  t he  heat t rans fe r  l i t e r a t u r e ,  can be applied. 
A reduced problem i s  introduced: 
For laminar flow i n  a c i rcu la r  tube t h i s  i s  referred t o  as  the  "Graetz 
Problem" [ l q .  However, since turbulent flow i s  a l so  t o  be considered and 
because t he  procedure presented here i s  applicable t o  channels and annuli,  
(14a - 14c) s h a l l  be consis tent ly  referred t o  as  the  Reduced Problem. The 
solut ion t o  t h e  Reduced Problem i s  
2 
e(x,r) =I B~ e-'k R~ ( r )  * 
Bk' Pk and Rk have been established f o r  a var ie ty  of flow s i tua t ions  
including flows i n  tubes [ 17 7,  channels 117 1 and annuli [ 25,26 ] . To obtain 
the  Akls i n  (13) t he  solution given by equation (u) i s  applied t o  the  
Reduced Problem resu l t ing  i n  
When equation (13) i s  subst i tu ted i n t o  equation (16) and the  r e su l t s  cmpared 
t e m f s e  with equation ($5) "che desired A ' s  can be determined, The k 
in tegra l s  of the  eigenfunctions which a r i s e  i n  t h i s  procedure are  evaluated 
i n  Appendix A where the  coeffieien%s, Wk , are  evaluated f o r  l m i n a r  flow 
To s t sag then  the  r e d e r g s  confidence i n  equation (%2) ,  it w i U  
be put i n  an a t e m a t e  a r m ,  I n t e g r a t i q  the  Past t e r n  i n  ( 5 2 )  by parks 
and employing equations (13); (15) and (16) leads 
The complete de ta i l s  leading t o  equation (17) a re  presented fo r  reference 
i n  Appendix B . 
In  the absence of gas radiation o r  in te rna l  heat generation (g = 0) 
equation (17) i s  ident ica l  t o  equation (33) of [U] . The present approach, 
however, has the added generali ty of including heat generation or,  as  explained 
ear l ie r ,  radiation i n  the  gas. 
It i s  clear  from equation (17) tha t  i f  g were known and the  surface 
temperature variation were prescribed, ~ ( x , r )  could be computed. However, 
when t h e  w a l l  heat generation i s  prescribed these quantit ies a re  determined 
by coupling between equation (17) and the energy equation f o r  the  tube 
surface. 
Assuming the  outer surface of the tube t o  be perfectly insulated 
and the w a l l  t o  be suff ic ient ly  th in  t o  permit neglecting rad ia l  temperature 
gradients the f i r s t  Paw of themod;ynmics fo r  a d i f f e ren t i a l  r ing a t  x (see 
Fig. 1) leads t o  
In "ce las t  equation H(X)  and B{X) represen% the l oca l  i r rad ia t ion  md 
r d i o s i t y  of the tube inside surface a% x and can be eq res sed  as 
i n t e g r d s  of the  spectral  intensity,  which gene rd ly  depends on the en t i r e  
temperature f i e ld .  Equations (17) and (18) represent a coupled integro- 
d i f f e r e n t i a  equation system which w i l l  generally require an i t e ra t ive  
scheme for  solution. It i s  t o  be emphasized tha t  when the w a l l  temperature 
i s  known equation (17) completely describes the  gas temperature f i e l d  for  
a given absorption coefficient model. However, when the surface heat 
generation i s  prescribed then equation (18) i s  also required. 
With the res t r ic t ions  of ( a )  tangential  symmetry, (b )  hydrodynamically 
developed flow ( c )  uniform i n l e t  temperature and (d)  negligibly small ax ia l  
gas conduction equations (17) and (18) represent an equation system for  the 
gas and wall temperature distributions provided suitable end conditions 
are  imposed on the wall temperature. (These conditions w i l l  be discussed 
below). I n  order t o  apply t h i s  rather general formulation tfie de ta i l s  of 
the gas/wall radiation processes must be specified so that  the radiation 
source term, g, the i r radiat ion H and radiosi ty  B can be prescribed 
i n  terms of the temperature f i e ld .  
The Radiation Field 
Knowledge of the loca l  monochromatic intensity,  IV, i s  suff ic ient  
t o  determine g, H and B i n  equa-ti. ons (17) and (18). The intensi ty  mu8t 
sa t i s fy  the equation of radiative transfer,  
J) 
*. .VIv  . yKy(Iby - Iy) - 
. The fomal solution t o  eq. (19) is 
where 
-+ 
and in. Fig,  2 the definitions oh' & and a are clarified. 
Following the development of ref, [20] , the solbrce term, g, is given 
The definitions of H and B respectively result in 
and i . n < ~  
Clearly the evaluation of g, B and B is a rather formidable task and 
requires complete knowledge of the spectral absorption coefficient, , 
which depends strongly on I/ and on temperature. 
Before proceeding with simplifications which will facilitate the 
evaluation of g, H and B some qualitative observations are in order. The 
results of ref. [lo] for non-participating gases indicate that the wall 
and gas temperature distributions are relatively insensitive to surface 
absorptivity (except near the tube ends). Thus the wall is taken to be 
black and Iy (%) in eq. (20) becomes Ib (T,). The first term in 
eq. (20) represents energy radiated by the wall that is partially attenu- 
ated by gas absorption before I t  reaches point (x, r ) .  In general this 
term depends on the wall  temperatwe and gas ternperatuse along s, through 
Kv . The second terra i n  eq. ( 2 0 )  represents energy emitted by the 
gas along s tha t  i s  then partially attenuated bePore reaching (x,s), 
Again this tern depends on tho gas tempera%we along s. W e n  Iy Prom 
eq. (20) is substitaa%ed into eq, (22) it becomes clear that g can be 
booked upon as a know function sf t h e  temperature f ie ld ,  thus  con- 
f i m i n g  the va l id i ty  of the  iterative scheme alluded t o  in eg. ( 2 ) -  
The e s sen t i a l  mathematical features of combined conduction, 
convection and radiat ion can be preserved while achieving computa- 
t i o n a l  simplifications by considering the case of op t ica l ly  th in  
radiat ion,  Furthermore, since ax i a l  radiat ion e f f ec t s  a re  known t o  
be small i n  the  gas (see ~nt roduct ion) ,  it i s  only the non-isothermal 
wall of the  present investigation tha t  can give r i s e  t o  a x i a l  radia- 
t ion  e f fec t s .  I n  the  case of op t ica l ly  th in  radiat ion the wall con- 
t r ibu t ion  t o  the  radiat ion w i l l  be most pronounced and therefore 
represents a good case f o r  establishing whether or  not ax i a l  radiat ion 
i s  ever important. 
The opt ica l ly  t h in  case i s  achieved by assuming tha t  for  a l l  
frequencies and a l l  d i rect ions  %<< 1 . Recognize t h a t  
Substi tuting eq. (20) i n t o  eq.. (22) the expression for  g, correct  
t o  order r ~ ,  i s  
It i s  observed t h a t  the source term behaves a s  i f  a l l  the radi-  
an t  energy arr iving a t  ( x , r )  came d i rec t ly  from the so l id  boundaries, 
mattenuated by in te r layer  absorption and tha t  the  gas does not rad ia te  
t o  i tself".  
men the order of in"cegra"cian in eq, (24) is   eve used &nd the black 1ra1.I 
a s s u q t i s n  introduced there  r e s u l t s  
In  eq. (27) K p M ( ~ , ~ w )  i s  the  modified Planck mean absorption coefficient 
(see  r e f .  [18]). Cess and Mighdoll [301 have shovrn t h a t  the  modified Planck 
mean absorption coeff ic ient  can be very accurately approximated by 
Equation (27) can thus be fur ther  simplified t o  read 
Physically, there  a re  three d i s t i nc t  contributions t o  the  in tegra l  i n  eq. 
(26). These a r i s e  from the  tube wall  and the two tube ends, The tube ends 
sha l l  be  taken as  black surfaces a t  the  i n l e t  and ex i t  gas bulk temperatures 
respectively. I n  an approximate manner these i n l e t  and ex i t  conditions 
correspond t o  i n l e t  and ex i t  headers, Furthermore, it i s  noted tha t  the 
ex i t  gas bulk temperature i s  ' ' unknown since not a l l  of the energy 
generated i n  t he  wall  actual ly  enters the  gas urhile it i s  passing through 
the tube; some energy i s  radiated out the  ends of the tube and can resu l t  
i n  pre- or  post-heating of the  gas. This, however, i s  of no concern i n  the  
analysis.  The d e t a i l s  of evaluating the  in tegra l  i n  eq. (29) are  quite 
substant ia l  and are  presented i n  Appendix C, Only the resu l t  i s  presented 
here, viz,, 
In  eq. ( 3 0 )  L' = ~ / d  , x' = x/d and r = / The superscript 
"+-" will be dropped i n  subsequent equations, Where it sha l l  be mderstood 
t h a t  t he  dimensionless space variables are  being used, A , B sad k are  
defined i n  Appendix C and sha l l  not be repeated here. They depend only on 
locat ion,  K and E a re  the  complete e l l i p t i c  in tegra l s  of the  f i r s t  and 
second kind respectively. ~ ( x , r )  i s  the  shape fac tor  between a d i f f e r en t i a l  
area  element, with normal pa ra l l e l  t o  the  tube axis ,  and a c i rcu la r  area, 
of diameter d , normal t o  the  tube axis and located a t  the tube i n l e t .  
The mathematical description of the  gas temperature f i e l d  i s  now 
completed by subst i tut ing eq. (30) i n to  eq, (17) and introducing the  Green's 
function given by eq, (13) and the  Graetz solution given by eq. (15). The 
coeff ic ients  An and Cn a re  given i n  Appendix A and re f .  [l'i] respectively.  
' It now remains t o  es tabl ish the  expressions fo r  ~ ( x )  and ~ ( x )  appearing 
i n  t he  energy equation for  the  tube w a l l ,  eq. (18).  
The general expression f o r  the  radiosi ty  i s  given by eq. (24). For 
t he  case of a black surface, however, t h i s  reduces t o  
Evaluation of t he  l oca l  i r radiat ion,  ~ ( x )  , i s  not near so t r i v i a l ,  In  f ac t ,  
it w i l l  be evaluated by two different  methods u t i l i z i n g  two different  assumptions. 
Waluation of ~ ( x )  , Method I, The f i r s t  method fo r  evaluating the  
i r r ad i a t ion  a t  t he  tube w a l l  i s  based on an oversimplified interpreta t ion of 
eq. (26). This interpreta t ion,  however, simplifies the  evaluation of ~ ( x )  
while s t i l l  permitting an estimation of the  importance of ax ia l  radiat ion 
e f f ec t s  on the  gas md. tra21. "cwerature solutions,  Physically, the  i n t e r -  
p r e h t i o n  of the solution, eq, (201, 50 the " I l~f is f 'er  Fqi~a"r,on reveals t ha t  
-+ 
the  intensi* a t  a point P , having direct ion 4 (see f i g .  2), i s  equal t o  
18. 
the i n t ens i t y  at Sw , i, e, , a"c,th ewdl ,  attenuaked by inter layer  gas 
absorption plus a contribution ( the  integrril i n  eq, (20))  due t o  gas 
emission which i s  then a l s o  athtnuated. Now, comparing eqs. (22) and 
(26) implies tha t  I, w I ( s ~ )  , i . e. , a t  any point the in tens i ty  i s  just  
equal t o  the intensi ty  associated with the radiation leaving the w a l l ,  
Thus, fo r  purposes of evaluating ~ ( x )  it would appear reasonable t o  t r e a t  
the intervening gas as non-participating. Then, as shown i n  eq. (20) of 
ref.  [33] 
Expressions for  F+(x) , the shape factor between s ring a t  x (see Fig. 1) 
and a circular  disk a t  the tube entrance and fo r  K ( x , ~ )  , the shape factor 
between d i f fe rent ia l  rings a t  x and 5 , are given by eqs. (35) and (36) 
of ref .  [33]. 
Together with auxi l l iary equations fo r  G , 8 , g , B and H [eqs. (13), 
(15), (30), (31) and (32) respectively], equations (10 and (18) represent 
a coupled integro-differential  equation system fo r  the en t i re  temperature 
f ie ld .  The numerical i t e ra t ive  scheme used t o  solve these equations i s  
described below. In the graphical resul ts ,  discussed below, solutions t o  
t h i s  equation system are shown as broken l ines .  
Considerable simplification i n  the evaluation of eq. (29) could have been 
achieved by making what sha l l  be called the " quasi-one-dimensional" assumption. 
This assumption consists of replacing T ( s ~ )  i n  eq. (29) by %(x) , x 
being the  ax ia l  posit ion a t  which g(x,r)  i s  t o  be evaluated. It then 
elear ly ~ S I . T L O T I S  from eq, (c-1) that 
20 
g(x,r)  = 5 n [ 2 - ~ ( x ,  r)  - F(L-x, r)] x ~ ( T ~ ~ ) $  
where x md r are dimens-ion%ess and. F is def-ined in Arppendix C, 
Reslllts obtained f o r  ~ ( x )  and ~ ( x , s )  using eq. (33) ra ther  than 
eq, ( 3 0 )  f o r  g(x , r )  r eved  tha t  the error introcuced by the  quasi- 
one-dimensional assumption i s  undetectable i n  the  graphs presented, the 
e r ror  always being l e s s  than 1%. 
Evaluation of ~ ( x )  , Method 2. Evaluation of ~ ( x )  by Method 1 , 
though simpler than Method 2, has been presented only t o  es tabl ish the  
accuracy of t he  quasi-one-dimensional approximation f o r  g . However, it 
introduces a fundamental e r ror  in to  the formulation, i . e . ,  the  solution 
obtained i s  i n  violat ion of the  F i r s t  Law of Thermodynamics. This i s  
evident from an examination of r e su l t s  (not presented here).  It was found 
t h a t  t he  sum of the  energy radiated out the  tube ends and the  energy added 
t o  t he  gas was greater  than the  energy generated i n  the  tube w a l l .  The 
magnitude of t h i s  e r ror  depended upon the  tube diameter, length t o  diameter 
r a t i o  and l eve l  of w a l l  heat  generation. For the  cases studied it varied 
from 1% t o  10% of t he  w a l l  heat  generation. 
The physical explanation f o r  t h i s  error  i s  as follows. A non-zero 
radiat ion source term, g , implies tha t  the  gas i s  absorbing radiant energy. 
Thus, when a w a l l  element radiates ,  i t s  energy cannot reach the other w a l l  
elements and tube ends unattenuated. Though eq. (26) f o r  g i s  correct t o  
order 5 , it cannot be concluded tha t  I,, = Iy(sy) a s  on page 18. This 
point i s  a lso made i n  chapter 7 of r e f .  [18]. The expression f o r  I v  , 
correct  t o  order & , must be obtained independent of eq. (26). Equation 
( 2 0 ) ~  correct  t o  order T2/, becomes 
m l o y i n g  eqs, (23) m d  (34) resd%s in ~ ( x )  belng composed of three terns ,  
Here 8 i s  the  mgle  between Sw and the  normal vector of the receiving 
w a l l  element. In eq. (37) Rv i s  defined by the relat ion 
and w i l l  be f'urther discussed below. 
I ~ ( x )  represents radiation leaving a w a l l  element and arriving 
unattenuated a t  a receiving element. Evaluation of eq. (36) would there- 
fore  r e su l t  i n  the r ight  hand side of eq. (32), i. e., 
The quasi-one-dimensional assumption i s  now employed in  the evaluation of 
I ~ ( x )  . In  the quasi-one-dimensiona1 case the rad ia l  temperature d i s t r i -  
bution at x (04rU. , dimensionless r )  , i s  assumed t o  exis t  a t  a l l  axiaJ. 
positions. Thus, eq. (37) becomes 
me jnner i n t e g r d  evaluates as nd . Thus, t3,pgIytng the  approxbaatlun 
given by eq. (28) for the modified Planck mean absoqtion coefficient,  
resu l t s  in 
5 
1 (x) = ? g ( ~ ~ ) o  - Tw 2 - . d  Tm 
Tm i n  eq. (42) i s  the  temperature a t  which Ky i s  t o  be evaluated. It 
i s  c l ea r  from the  def ini t ion of X Y  t h a t  determination of Tm i s  no 
t r i v i a l  matter. For the case of the  symmetric p a r a l l e l  p l a t e  channel, 
* 
S.T. Liu has eva+l.uated the appropriate mean temperature, Tm . His r e su l t ,  
applied t o  the  tube, becomes 
It i s  in te res t ing  t o  note tha t  I ~ ( X )  i s  d i rec t ly  proportional t o  
d , a point t ha t  w i l l  be discussed f'urther when the  r e su l t s  a re  presented. 
Performing the frequency integrat ion i n  eq. (38) r e su l t s  i n  
I (x) has a lso been evaluated f o r  the  p a r a l l e l  p l a t e  channel. However, 3 
except near the  w a l l ,  and the contribution t o  the  inner in tegra l  i n  eq. 
(44) from gas near the  wall w i l l  be small compared t o  I2 since only a 
small f ract ion of Sw contributes t o  the  in tegra l  i n  eq. (44) whereas eq. 
(41) has Sw a s  a factor .  This qual i ta t ive  argument has been confirmed 
by Liu's numerical resu l t s .  Thus ~ ( x )  can reasonably be approximated by 
* This r e su l t ,  no t  y e o ~ ~ . b l i s h e d ,  was obtained by S , T ,  Liu at Nets Pork University 
i n  comection with -work on his Ph.0, disserta"r;isn, It w i l l  be incornorated 
i n t o  his disser ta t ion  which i s  expected t o  be available by February 1971. 
El; is noted t h a t  if a hot gas were being cooled this argument would not 
apply since the inequali ty expressed i n  (45) would be reversed. 
The term i n  eq, (18) accounting for  conduction t o  the gas a t  the 
tube w a l l  can be determined by evaluating the r a d i a l  derivative of eq. 
(17) a t  the  tube wll, i . e , ,  
Substi tuting equations ( 3 l ) ,  (46) and (47) i n to  eq. (18) r e su l t s  i n  
(48) 
I n  equation (48) dimensionless space variables are  being used. G , g , Tm , 
F+ and K have been previously defined and discussed and 
The complete andy-i;ic formdation of conn'lsined conduction, convection 
and spt icaEw t h i n  radiat ion for  laaninew, tube -Plow with prescribed wall heat 
generation i s  contained i n  egs,  (IT) and (48) along with the auxi l iary 
ewatisns for G , 8 , g , Tm and geometric fac tors ,  The de t a i l s  Leading 
t o  determination sf T am deser-ihed in the next chapter, Readers 
not inte~esled i n  these detai ls  can skip  t o  Chapter IV where t h e  r e s d t s  are 
presented and discussed, 
11% . MATT*NATTl;Al A N I  J COI4Pll"&"ATEONAL D W A  TIrS 
--- -- -- - - - - a  L A  __l - - -1 
The solucl-o6a of eyuad5_ona (11'1) am! (117) is a f o x m i d a b l e  
comgutationald. task ,  iiowever, t ~ y  rral-eful oxal1i6riatio;i of' these 
t w o  ecg~aations, it w i l l  be  S ~ ~ O W I  dC;hi%"i;niucE~ o f  the  technique 
established f o r  the non-participating gas case can be used for 
the participating gas case.  The first order of business, 




( 60 )  
When equat ions  (59) and (60) a r e  compared with eq.  (30)  of 
r e f .  [33]  or eqs .  (26)  and (28)  of r e f .  [31] f o r  the case of 
a b lack  sur face ,  i t  i s  noted t h a t  the  d i f f e rence  between the  
wall  energy equat ion f o r  the p resen t  case and the non-par t ic ipa t ing  
4 4 case i s  contained i n  the  f a c t o r  i n  brackets  mult iplying 8 $w 
i n  eq. (59 )  and the  i n t e g r a l  i n  eq.  ( 6 0 ) .  I n  terms of t h e  
computational a lgori thm f o r  so lv ing  the  wal l  energy equat ion 
these  changes a r e  r e l a t i v e l y  minor. 
I n  broad terms the s o l u t i o n  technique proceeds a s  follows: 
Step 1. I n i t i a l  values f o r  $ ( x , r )  and qW(x) , r e f e r r e d  t o  
as J Im(x , r )  and (,(x) , a r e  es t imated .  $;(x) i s  determined 
from the  non-par t ic ipa t ing  gas s o l u t i o n  ( see  r e f .  [ 3 3 ] ) .  Then 
( x , )  i s  determined from eq. (58) with g = 0 . 
Step 2 ,  Based on ( x , )  g ( x , r )  i s  determined. 
* '42 Is evaluated from the  d e f i n i t i o n  of bulk temperature,  
Step 4, The i n t e g r a l  i n  eq.  ( G O ) ,  which s h a l l  be re fe r red  t o  
as ~ ( x )  , i s  evaluated based on g ( x , r )  from S tep  2 and +e 
from Step 3 ,  Also, the l a s t  term in eq, (581, referred to 
hencefor"c; aaa w ( x , ~ )  , is evaluabed based on Steps 2 and 3 .  
Step 5. A new 4 i s  computed using subs t an t i a l l y  the same 
numerical i t e r a t i v e  scheme described i n  Appendix D of r e f .  [33].  
Step 6.  A new $ ( x , r )  i s  determined from eq. (58) and com- 
pared with ( r )  obtained i n  Step 1. The answer was 
accepted when 1 $ ( x , )  - ( x , )  1 < 0 a t  every point .  ( A  
f i n i t e  d i f ference  gr id  of 21 a x i a l  points  including the  ends 
and 11 r a d i a l  points  was used , )  If l $ ( x , r )  - $ - ( x , r ) l  - > -01  
a t  any one of the 231 points  then $ ( x , r )  and $ ( x , l )  replaced 
J l - (x , r )  and $,(x) i n  Step 1 and Steps 2 through 6 repeated. 
The rad ia t ion  source te rn ,  g ( x , r )  , i s  evaluated i n  
Appendix C and the f i n a l  expression i s  given by eq. (30) .  It 
was t rea ted a s  a  subroutine i n  the computer program where 
Simpson's r u l e  was used f o r  evaluation of the  i n t e g r a l  i n  eq. 
(30). ~ ( x )  and ~ ( x , r )  , which require add i t iona l  in tegra t ion  
f o r  t h e i r  evaluat ion meri t  f u r the r  discussion. Introducing 
the Greens function given by eq,  (13) with coef f ic ien t s  given 
2 i n  Appendix A ,  and recognizing t h a t  pk = 2~:/~e r e s u l t s  i n  
Here, use has been rmdc of the r e l a t i  on Getween An and C, 
I n  Appendix A, aslong with the nurries*i ea';. va irres of Cn and 
RA(1) given i n  reg.  [IT], i u  a r r i v e  at 
and 
- 
- - 3*999 in 
*n - 
It i s  noted t h a t  i n  both eq. (62) and eq .  (63) the  term 
has t o  be evaluated and t h a t  eva lua t ion  of ~ ( x )  and ~ ( x , r )  
a r e  of roughly equal  complexity. 
I n f i n i t e  sums.appear i n  s e v e r a l  terms of the  governing 
equat ions .  ~ ( x )  , W ( X , P )  and the  i n t e g r a l s  involving 8 
and Qr i n  eqs .  (58) and (59) a l l  conta in  i n f i n i t e  sums. The 
f i r s t  s i x  terms were found t o  give s u f f i c i e n t  accuracy. 
Numerical Constants.  The constar-its h n  , C, and the  eigen- 
func t ions  Pin are now presented f o r  completeness. h, and C, 
a r e  given En r e f ,  [ l 7 ]  as 
Nwnerlcal values were obtained f o r  Rn(r) f o r  n 0,1,. . .5 . 
a t  r = O , , % , , . . , $  by solving the eigenfunetion problem for 
Rn * 
[351 Because these values were not  available i n  the  
literature they a r e  presented in Table I . 
TABU3 I 
Eigenfunctions for Circular Tube - Laminar Flow 
r R0 R1 R2 R3 a4 R5 
0 1 1 1 1 1 1 
.1 .9818 .8922 .7358 .5313 .3025 .0750 
.2 .9289 ,6060 ,1532 -. 2327 - ,4026 -.3213 
.3 ,8454 .2360 -.3147 -.3594 .OOO2 .2897 
.4 .7380 - .lo73 - .3924 .O674 ,2992 -.O474 
.5 ,6144 -.3406 
-.I435 .3151 -.0793 -.2055 
.6 .4829 -,4321 .I686 .I149 -. 2554 .1973 
.7 .3508 -.3991 ,3312 -.I955 .O356 .lo41 
.8 .2240 
-2874 ,3036 -.2924 .25g1 -.2087 
.g .lo64 -.1451 .I643 -.I785 .1887 -.1955 
1.0 -.0003 -.0046 ,0021 -.0013 .0008 -.0006 
IPr, RESULTS 
&mination of eqs, (58) and (59) reveals t h a t  a large nmnber of 
pmmeters enter the solution $0 t he  problem considered in this report, 
Since it is not the purpose of this report to present a complete pwmetric 
study of the factors influencing the quantitative aspects of the solution, 
the influence of some factors shall be ignored. In particular, conduction 
effects in the tube wall shall be neglected. This corresponds to setting 
P = 0. It is shown in refs. bl, 331, for the non-participating case, that 
over a practical range of values the influence of P is small and does not 
alter the qualitative aspects of the solution. It should, however, be noted 
that where P is non-zero it is necessary to prescribe two boundary condi- 
tions at the tube ends. In refs. [31, 331 either the conditions 
d Tw 
Tw (0) = T i  and = =  O at x =  L 
were used. In the present work, with P = 0, it is necessary only to pre- 
scribe Tw (0) = 1. 
It was also shown that the influence of the Peclet number, Pe, on 
the qualitative aspects of the results was also small. Therefore in the 
present case a single Peclet number of 1740 was considered. This corres- 
ponds to a Reynolds number sf approximately 2000 when the properties of 
water vapor are evaluated at 1400~~. It was arbitrarily decided to evalu- 
ate all gas properties at lkOOO~ and one atmosphere. The selection of 
0 1400 F was based on preliminary numerical resulb-ts indicating an average 
gas bulk temperatme of appsoxim tely 1400"~ for the range of pameters 
stuaied, One exception to this was Planck mean absorption coefficient 
which was treated as a temperadme dependen* quantity, me data for the 
PlancB absorption coeff icient  was taken from f i g  . 3 o f  ref. [36] . 
As previously mentioned "ehe tube wal l  ennissidty was taken as unity 
and hydrodynamically developed flow was considered. Some justification for 
t h i s  l a s t  assumption comes from the resTdts for non-participating gases 
given i n  refs. [31r 3 4  There, a ln  o ther  t b inga  being equal, the  results 
for  the  following two cases are esmpased, In one case there i s  an abrupt 
entrance i n t o  the  tube and it i s  assmed t h a t  t he  gas i m e d i a t e l y  becomes 
hydrodynamically developed as  i n  the  present case. I n  the  second case a 
long unheated hydrodynamic entrance section i s  provided pr io r  t o  the  tube 
sect ion having wall  heat  generation. O f  course i n  t h i s  case the  gas w i l l  
indeed have a f u l l y  developed veloci ty  p r o f i l e  a t  t he  s t a r t  of the  heating 
sect ion,  When the  resu l tan t  wall  temperature d i s t r i bu t i ons  fo r  t he  two 
cases are compared it i s  found t h a t  within a few diameters downstream of 
t he  entrance t o  t h e  heated sect ion of tube t he  r e s u l t s  a re  almost i den t i ca l .  
It can therefore  be concluded t h a t  the  assumption of hydrodynamically de- 
veloped flow a t  t h e  tube entrance does not de te r io ra te  the  va l i d i t y  of t h e  
present solut ion f o r  t he  tube wall  temperatures. 
The r e s u l t s  t o  be presented and discussed below are  based on a uni- 
form i n l e t  temperature of 1 0 0 0 ~ ~ .  This temperature was selected because 
it is the lowest value f o r  which Planck absorption coef f ic ien t  data was 
read i ly  avai lable .  Higher values of Ti were not invest igated because it 
was desired t o  have r e su l t an t  wall  temperatures within the  realm of prac- 
t i c a l i t y .  q" (x)  was a l so  se lected t o  y ie ld  reasonable wall  temperatures. 
I n  r e f .  [33] uniform, sinusoidal  and step-uniform wal l  heat generation 
were studied. I n  the  present work the  t h ru s t  of a t t en t i on  i s  focused on 
the  e f f ec t  of gas par t i c ipa t ion .  Therefore, there  appeared t o  be no - a 
' 
reason f o r  c ~ n s i d e r i n g  anything other than uniform heat generation, 
I n  eq. (60) f (x )  was therefore talnen a s  uni ty .  Merely by prescribing 
su i tab le  values for f (x), other than miform heat  generat ion could be 
considered, I n  the  resfits presented in this r e p o r t  nmer i ca l  values for  
2 0 q" were 40,000 and 60,000 ~ ~ ~ / h r - f t  - F, 
The two remaining quan t i t i es  t o  be prescribed. a r e  a&/d and d. The 
nmer ica l  fomdatioaa vaa such that Pos a given a x i a l  increment in the  
f i n i t e  difference ~aheare, t h e  storage space required was propsrGionaP $g, 
( ~ / d ) ' *  Reaeonable valuerr of L were conaidered but  reaults are pre- 
sented only for %/d = 20. Representative eases for ~ / d  = 40 were in- 
vestigated, but complete production rune providing results suitable for 
complete comparison with ~ / d  = 20 were not sought. It was found that 
while ~ / d  certainly influenced the nmerical results, just as for the 
non-participating gas case (see refs. [31, 33, ), no interesting qualita- 
tive differences, dependent on ~/d, were exhibited. As mentioned below 
eq. (43),, and shown in eq. (46),  it is reasonable to expect the solution 
to depend explicitly on d .  Thee values; of d were considered (1", 
1/2" and l/4" ) . 
In the graphical (figs, 4-7) and tabular (Tables 3 and 4) results 
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In each case Ti = 1000'~~ ~ / d  = 20, Pe = 1740, E = E and P = 0 and 
the gas i s  water vapor d t h  p roper t i e s  oLher than the absorption coefficient 
evaluated at $866'~, 
The r e s a t s  based on "ce n m e r i c d  ccanstmts discussed above and 
i n  Table I1 are presented in Figs, 4 - 7, These r e s d t s  were obtained 
on a Univac 1108 computer, In  the f i m r e s  the dashed cumes correspond 
t o  the  non-participating gas solution obtained as described i n  ref.  [33] . 
The broken curves represent the opt ical ly  th in  solution with H evaluted 
by method 1, i. e., eq. (32) and the  so l id  curves represent the  solution 
obtained using method 2, eq. (46). 
It i s  noted i n  Fig& 4 - 6 tha t  the wall temperature dis t r ibut ion 
f o r  the  opt ical ly  th in  case behaves qual i ta t ively l i k e  tha t  of the non- 
par t ic ipat ing gas, ia., it r i s e s  rapidly i n  the entrance region, reaches 
a maximum at  an in ter ior  point and then declines as the tube exi t  i s  
approached. The decline i s  due t o  end "losses", i . e . ,  a net radiant 
energy exchange from the tube w a l l  t o  the ex i t  header. In Fig. 4 the  gas 
bulk temperature variation i s  also shown. A s  e q e c t e d  the gas temperature 
i s  considerably higher i n  the non-participating case. 
When Figs. 4 - 6 are  compared the  effect  of d i s  revealed. It i s  
noted tha t  the  sol id  and broken curves becomes progressively closer 
t o  each other as d decreases. This merely confirms, as previously indicated, 
tha t  t he  difference between method 1 and method 2 fo r  evaluating ~ ( x )  
depends on d as  can be seen by comparing eqs. (32) and (46). 
The accuracy of the quasi-one dimensiond approximation i s  shown 
i n  Table 111 where method 1 was used t o  evaluate ~ ( x ) .  Results f o r  T J T ~  
when g i s  evduated using eq, (30) (gekzerd) and eq, (33) (qwsi-one 
dimension&) reveal that  the  difference occurs i n  the  th i rd  decimal. place, 
i. e . ,  t he  t w o  w a l l  temperature dis t r ibut ions  are within  ~O'R of each other. 
Hence, t h e  quasi-one dimension& approximation appears t o  be qui te  sat isfactory,  
In Fig. 7 the r d i a  gas t q e r a t w e  variation for  case 1 i s  shown 
f o r  three axid positions, Of interest is the reversal in slope as the 
x u  i s  amroached when x/d = 20, This resalt can be emlained by noting 
t h a t  the  heat conducted t o  the  gas depends on the slope of the w a l l  temperature 
( see eq. ( 4 ' 7 ) ) .  
Though not shown i n  t he  graphs because of i t s  l imited appl icabi l i ty ,  
a Nusselt number can be defined and evaluated. Let q(x) represent the  
heat  t ransferred t o  t h e  gas a t  x (note: q(x) f q"(x)) .  q(x) can be evaluted 
from the re la t ion  
where m i s  the  mass flow r a t e  and Tb i s  t he  l o c a l  bulk temperature. The 
a heat t rans fe r  coeff ic ient ,  h, can be defined a s  
Defining a Musselt number by 
then results in 
Pe 
Nu = - Pb --- 
dx 
('(6) 
4( Pw - Vb) 
Whereas i n  t he  case of a non-participating gas it c a n  be expected t h a t  Nu 
is bounded by t h e  Nusselt nmber r e s d t s  f o r  t h e  isomhenmd wd11 and uniform 
heat flwr w a l l  in  the absence of all radiation effects (see r e f s .  [31,33] ), 
no such statment e m  be mde f o r  %he present case since? t w o  p a a l e 1  mechanisms, 
con6actisn md radiation, exist for traasfersing energy to the gas ,  
"%U IEI 
- 
Effect of f s i  One-Dimezlsional Approximation on W & l l  Temperature 
Distribution. H Evaluated from Eq. (32) (CASE 1) 
T JTi 'JTi 
x/d (g From Eq. (30)) (g From Eq* (33)) 
V, - mmWPOR8 
A g e n e r d  mathmatied amroach has bean presented fo r  h w u i n g  
combbed coacfuction, cormvection md r a a a t i o n  gas flow g r o b l ~ s ,  This 
t ech ique  which e m l o i t s  the Greens m c t i o n  method for  parabolic equations 
resul t s  in  e ~ a t i o n s  (17) md (18) which m e  not restr icted t o  opt ical ly 
th in  gases. To arr ive a t  eq. (17) i t  was n e c e e s w  t o  
(1) Neglect axial. conduction effects  i n  the gas 
(2)  Consider hydromamic developed Plow 
(3) l i m i t  consideration t o  flows having urnifom i n l e t  temperatures. 
It has been shown (see ref.  1331 ) tha t  the error introduced by the 
second res t r ic t ion  i s  m u ,  The th i rd  srestrie"con i s  not serious since eq. (U) 
instead of eq. (17) could have been employed. To obtain g, B and H a radiation 
model must be introduced and i n  the present work the optically thin gas has 
been considered. It i s  noted tha t  i f  the w U  temperature, rather than heat 
generation, i s  prescribed eq. (18) i s  not necessaq and the d i f f icul ty  in 
evaluating ~ ( x )  (see pages 17 - 22) w i l l  not be encountered. 
It can also be concluded from the present work tha t  the quasi one- 
dimensional appro ion for  g(x,r) leads t o  compautational simplifications 
without sacrificing accuracy. 
Lastly it i s  noted that the matbematicd technique presented here i s  
applicable t o  tu rbden t  flow md non-circujlas passwes provided the solution 
t o  the reduced problem i s  h o r n ,  h e m r e  the Greens function. approach 
i s  apl?licab&e t~ combined conduction-ra~at ion psoblms i~ radia;t;iw media. 
other gases, In  the t r a s i a*  Pae8tLm.b~ of a p las t i c  s l ~ b ,  for  e x q l e j  
dm enden% 
source %em, m e  % a e  spwi~able woud "een correswnd t o  x in Lhe presemrt"e,ork, 
Recsmenbtions 
- 
problems of the class 
considered st i j l l  rmin. Some of -these represent detai ls  in the writer 's 
view; however, others are more mdemental. In the first category are: 
(1) the effect of non-black surfaces 
(2) establishment of correct Tn for tube problems 
(3) evaluation of I3 for tube problems 
(4) consideration of participating gases that  are not optically thin. 
A more fundamental question i s  the importance of the axial conduction 
effect. Though th i s  effect i s  likely t o  be overshadowed by radiation effects, 
it i s  important t c  note that  the solution technique presented here would not 
be app l ica le  because the governing gas equation would become el l ipt ic .  
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For l d n w  flow in a c i r c u u  tube, the governing equation (14a) 
can be written as  
X 
where r' = r/ro and x' = - . 
Pero 
The solution t o  the reduced problem can be written i n  two ways, viz., 
Substituting equation (13) into (A-3) resu l t s  i n  
Hotrevex, the separation equation for  Rn i s  ( see  [ 1 7 ]  ) 
Rearranging (A-5) leads Lo 
Subs t i tu t ing  (A-6) into ((A-4) md perfsrrdng the indicated in tegra t ion  
leads to 
2 BIB 2 
- &x+ 
t 
- ax' C Cne R,( 1) ~ , ( r+)  = (& 2) ~ , ( r + )  -- (la-?) 
n-0 n 4  
2 2 ' 
An = hn c* / [% yo Rn(l)l (A-8) 
t 
Cn and R (1) are given i n  reference [17]. An i s  thus evaluated as n 
41, 
IX B . DEIIIVWTION OF EQUATION - - -- ( 1 7) 
Since tkle i n t eg ra l  containing g remains unchanged i n  going from 
equation (12) t o  equation (17),  it i s  necessary only t o  prove the  equiv- 
alence of t he  la& two terms of equation (12) and t h e  f i r s t  two terms on 
the  r i gh t  hand s ide  of ( 1 . 7 ) .  To t h i s  end consider 
The Green's Punction solut ion t o  t h i s  problem (eq.12))  i s  wr i t t en  a s  
The dimensionless var iables  r+ = r/ro and x+ = x/pero a r e  now in t ro -  
duced, resu l t ing  i n  
7 
Clearly, the first term on the right hand side of (B-6) is the solution to 
the  Graetz o r  Reduced Problem. !l%us 
It w i n  now be proven tha t  
A new flmction jd i s  introduced which s a t i s f i e s  eq. (B-1) together with T i d l  uafi 
T, = % . Clearly 8 .= 1 - . From eq. (12) 
Now define f ( x  ) such tha t  
1% w i l l  be shown tha t  f i s  equal t o  zero. Integrating (B-10) with respect 
t o  between 5" = 0 and. 5" = x' r e su l t s  i n  
1rcm (B-9) md  t h e  fact  "cB& $(o,r+) = 0 it follows t h a t  
43 
Since t h i s  i s  %me fo r  d E  x+ , i t  fo11ows thak ( is 
i d m L i e U y  zero w B  that  
Substituting eq. (B-8) in to  eq. (B-7) resul t s  in  
The superscript "+" has been dropped fo r  convenience but the independent 
variables i n  (B-14) and below are s t i l l  dimensionless. Letting Ti = 1 
(or al ternately considering T t o  be T/Ti) and integrating (B-14) by 
par ts  resul t s  i n  
But e(o,r)  = 1 . Hence (B-15) can be written as  
Furthermore, 
e(x, r )  + ~ ~ ( 0 )  - ~ ~ ( 0 )  *e(x,r)  = 1 + [l-e(x,r)]  * [ T ~ ( o ) - ~  ) . (B-17) 
Then, from the definition of the S t i e l t j e s  integral  
F i r s f l i t  i s  recognized t ha t  I/[ST ( x ~ F )  ] mil be t & e l ~  outside Lkae 
in tegra l  sign i n  eq, (29). Purthermore, because of the assmed isothermal 
nature of the tube ends, the in tegra l  i s  considered as t h e e  terns,  i . e . ,  re- 
ferr ing t o  the in tegra l  i n  eq. (29) as  3 (x , r ) ,  
1 5 J(") r)=a{[ [ P ~ ~ ( T ~ ) ~ ~ ~ ( s ~ )  I W ? K ~ ( T ~  )0"I'$oi+ 7$(~,)o~eme ((2-3.) 
( 4%=- -ae) 
Here mi and are the sol id  angles, with ver t ices  a t  P, subtended by areas 
Ai and Ae respectively (see f ig .  3 ) .  The evaluation of m. and ae i s  I. 
quite simple, Consider a d i f fe rent ia l  area element, dA, located a t  point P 
with normals ni and ne para l le l  t o  the  tube axis.  Pu'ther, imagine a 
sphere of unit  radius with center a t  P. The sol id  angle loi in tercepts  an 
area on t h i s  uni t  sphere which sha l l  be called 
ai (now shown i n  f ig .  3) .  
From the defini t ion of a sol id  angle 
The shape factor between dA and Ai, denoted as FdA,A i s  
i 
thus, from (c-2) and (c-3) 
Similarly 
Fortunately these shape factors  have been evaluated. Thus which 
i 
a h a l l  be cal$ee% a;"(x,r), i s  ( see  ref [ 18 1 ) 
and. 
EL. F (L-~) (3-7 i 
Equakisns (c-6) and (c-7) are mi t t en  i n  kerns sf dimensionless variables, 
i . e . , x = (dimensional xyd and r = bimensionel r)/rd 
The integral appearing in (c-1) is now evaluated. First it is 
noted that circumferential synmnetry exists in the problem. In addition it 
follows from the solid angle definition that 
cos Q d% 
ePo, = -- 
2 
sw 
where 8 ,  % and S are shown in fig. 3. 
W 
where is the azmuthal angle, varying from 0 to a. It is also a relatively 
simple matter to show that 
2 2 2 
sw = [ ( x - 5 )  + r -i- r, * - 2, ro s i n  8 1  (c-10) 
and 
r0 - r s i n  jd 
cos 9 = 
where dimensional variables are being used, 
-
Introducing dimensionless -coordinakes, denoting the integral i n  (12-1) as 
I(x,r) and using equations (c-8) tbou(a;h (C-ll) 1~esd - t ;~  in 
The inner integral in (c-12) d1% now be evaluated, Denoting t h i s  inner 
i n t e p a l  as 11 (x, 5, r) ,  
U a i ~  the  $)era"io($icity of the s i n e  f m c t i a n  (c-13) can be m i t t e n  as 
I n  (C-13) and ((2-14) 
A = 4  ( ~ - C ) ~ + r ~ + l  ( C - 1 7  1 
B = 2r (c-16) 
The two in tegra l s  i n  (c-14) are  qui te  d i f f i c u l t  t o  evaluate and a l l  of the  
algebra w i l l  not be presented. However, employing the subst i tut ion 
considerable patience and fomulas  2.575.1 and 2.584.40 of re f .  [ 34 ] 
f i n a l l y  results i n  
~ ( k )  and ~ ( k )  a re  the complete e l l i p t i c  in tegra l s  of the f i r s t  and second 
kind respectively.  The argument k i s  defined by 




~ i g .  6
Fig. 7 
Nsn-pbic ipa t ing  Gas Solution 
Thin Gas Solution 
d f r ~ m  eq. (32) 
Thin Gas Solution 
H evauated  from Eq. (46) 
~ / a  ~e Ti q " ~ v  d 
( ~ ~ / h r - f t * )  ( inches) 
- 
( OR) 
20 l7rcQ 9000 40,000 I 
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